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Abstract. Fix a prime number I. In this paper we develop the theory of 
relative pro-£ completion of discrete and profinitc groups — a natural general- 
ization of the classical notion of pro-£ completion — and show that the pro-4? 
completion of the Torelli group does not inject into the relative pro-£ comple- 
tion of the corresponding mapping class group when the genus is at least 2. 
(See Theorem 1 below.) As an application, we prove that when g > 2, the ac- 
tion of the pro-£ completion of the Torelli group T 3i i on the pro-£ fundamental 
group of a pointed genus g surface is not faithful. 

The choice of a first-order deformation of a maximally degenerate stable 
curve of genus g determines an action of the absolute Galois group Gq on the 
relative pro-£ completion of the corresponding mapping class group. We prove 
that for all g all such representations are unramified at all primes ^ I when 
the first order deformation is suitably chosen. This proof was communicated 
to us by Mochizuki and Tamagawa. 



1. Introduction 

Suppose that T is a discrete or profinite group and that P is a profinite group. 
Suppose that p : T — > P is a continuous, dense homomorphism. 1 The relative pro-l 
completion T^- p of T with respect to p : T — > P is defined by 

T {l) ' p :=HmG* 

where the limit is taken over the inverse system of commutative triangles 

r *- >■ Ga, 




p 

where is a profinite group, is a continuous dense homomorphism, p^ is continu- 
ous, and kerp^ is a pro-^ group. There are natural homomorphisms T — > T^ ,p — > P 
whose composition is p. 

Relative pro-£ completion with respect to the trivial representation p of a discrete 
or profinite group is simply the classical pro-£ completion of the group. Relative 
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pro-£ completion with respect to non-trivial representations is natural in arithmetic 
geometry. 

Since finite ^-groups are nilpotent, the classical pro-£ completion of a group T 
with vanishing Hi(T,¥() is trivial. Since all mapping class groups in genus g are 
perfect when g > 3, their pvo-£ completions are trivial. 2 In contrast, the natural 
relative pro-£ completions of mapping class groups are large and more closely reflect 
their structure. For example, when the number of marked points is at least 1, a 
mapping class group injects into its relative pro-£ completion. 

Suppose that g, n, and r are non-negative integers satisfying 2g — 2 + n + r > 0. 
Denote by F g ^ n _? the mapping class group of a compact oriented surface of genus g 
with n distinct points and r distinct non-zero tangent vectors (or, alternatively, r 
boundary components) whose anchor points are distinct from the n marked points. 34 
Denote by T 9in ^ its Torelli subgroup. Denote the group of symplectic 2g x 2g 
matrices with entries in a ring R by Sp g (R). Denote the relative pro-£ completion 

of Tg.ri,? with respect to the natural homomorphism T gn p — > Sp ff (Z^) by 

Denote the pro-£ completion of T g n ? by T g n 

For m e N, the level m subgroup Sp g (Z)[m] of Sp g (Z) is defined to be the kernel 
ofSp 9 (Z) — > Sp g (Z/mZ). The level m subgroup of F g ^ n _? is defined to be the inverse 
image of Sp g (Z) [m] in T g n p. Denote the relative pro-£ completion of r g „ ^[m] with 
respect to the homomorphism to the closure of its image in Sp g (Z^) by r g, n .r[ m ]^ ■ 

Define a discrete group T to be £-regular if every finite quotient of T that is 
an i'-group is the quotient of a torsion free nilpotent quotient of T. Free groups, 
surface groups and pure braid groups are all ^-regular. We suspect, but were unable 
to prove, that when £ is odd and n + r > 0, T g , n j is ^-regular. 

Theorem 1. Suppose that g > 3 and that r and n are non-negative integers. 
For each prime number £ and each positive integer m, the kernel of the natural 
homomorphism - — > r fli „ ; f[m]^ is central in T g £ ^ - and contains a copy ofZg. 
IfTg, n ,r is l-regular, then there is an exact sequence 

0^Z e ^ T ( g % r -> r S;n , r >]W -> Sp fl (Z/)[m] -» 1. 

The theorem is trivially false in genus as T n ^ = T g n ?. The theorem is false 
in genus 1 as SL 2 (Z) does not have the congruence subgroup property. In genus 2 
the kernel of T^ n ? — ► \ ? is very large as we explain in Section 6.4. 

Theorem 1 may be regarded as an integral analogue of results about the relative 
unipotent completion of mapping class groups that are proved in [11, 12]. It is also 
an analogue for mapping class groups of a result of Deligne [6] , which may be stated 
as follows. Suppose that S is either SL„ (n > 3) or Sp g (g > 2). Suppose that 

T is a finite index subgroup of S(Z) and that T is the restriction of the universal 
central extension of «S(Z) to T. Denote the relative pro-^ completion of T (resp. T) 
with respect to the homomorphism to the closure of the image of T — > 5(Z^) (resp. 
T — > S(Zf)) by (resp. T^). Delignc's result implies that there is an exact 



The pro-£ completions of mapping class groups vanish in genus 1 when £^2,3 and in genus 
2 when £ ^ 2,5 for similar reasons. 

3 A detailed definition is given in Section 3.1. 

4 We adopt the standard convention that n and r are omitted when they are zero. For example, 
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sequence 

o - z t z e - f w - - 1 

where e € {1,2}. It and the basic structure result for the relative unipotcnt com- 
pletion of mapping class groups [11] mentioned above are the two main tools in the 
proof of Theorem 1. The main technical ingredient in the proof is the existence 
(Cor. 6.10) of a central extension of a finite index subgroup of Sp g (Z) by Z in a 
subquotient of ^ g , n ,r whenever g > 3. This extension is a non-zero multiple of the 
restriction of the universal central extension of Sp fl (Z). 

Suppose that n > and that (S, {xq, . . . , x n }) is an n + 1 marked surface of 
genus g > 2. Let S' = S — {x\, . . . , x n } be the corresponding n-punctured surface. 
Since the action of the mapping class group r 9i „ +1 on 7r 1 (5", x ) induces an action 

of T g ^ n+1 on 7Ti(5', x Q )^\ Theorem 1 implies that the action of the pro-£ Torelli 
group Tf£n +1 on m(S',xo)^ is not faithful. Similarly, since the outer action of 
Tg^ n on iri(S',Xo) induces an outer action of T g l } n on ir\{S' ,xq)^\ the outer action 
of T ( g % on 7ri(S",a;o) w is not faithful. 5 

Corollary 2. If g > 2 and n > 0, then the natural homomorphisms 
r iS+i - AutTr^y^o)^ and T fl W -> Out ^(5', ar ) W 
are not injective. Their kernels each contain a copy of Z^ . □ 
The injectivity of the corresponding homomorphisms 

r S+i - Aut7ri(5',a;o) (/) and Y g % -» Out7ri(5',a;o) (/) 

for mapping class groups is not known for any (_g, n), with g > 3 and n > 0. 

The proof of the following result (in the case r = 0) was communicated to us by 
Mochizuki and Tamagawa. 

Theorem 3. Suppose that I is a prime number. For all non-negative integers g, n, r 
satisfying 2g — 2 + n + r > 0, the action ofGq on T g n determined by the choice of 
a suitably chosen smoothing of a maximally degenerate stable curve of type (g, n, r) 
as a tangential base point, is unramified at all primes =^ I. 

We record the following consequence which follows directly from this result using 
the functoriality of relative unipotent completion and the fact (proved in [18] as 
a consequence of the "comparison theorem" proved there) that the GQ-action on 
F extends to the relative unipotent completion Gg,n,r®(} Qi of ^ g , n .r ovcr Q^- 

Corollary 4. For all prime numbers i, the Gq representation on the relative unipo- 
tent completion G g , n ,r <8> Qi is unramified outside £. Consequently, the Gq action 
on G g ,n.f®Qe induces an action of 7Ti(SpecZ[l/£]). □ 

This result should be a useful technical ingredient in the investigation of "Tc- 
ichmiillcr motives" — relative motives ovcr moduli spaces of curves — of which 
elliptic motives and elliptic polylogarithms [3] will be special cases. 

Acknowledgments: The authors are grateful to S. Mochizuki and A. Tamagawa 
for allowing us to reproduce the proof of Theorem 3. They are also grateful to 
Tamagawa for very helpful comments on an earlier draft of this manuscript. Last, 
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but not least, the authors owe an enormous debt of gratitude the referee who read 
two drafts of the paper diligently. His/her detailed and constructive comments and 
corrections have resulted in stronger results, fewer errors and better exposition. 

2. Relative Pro-£ Completion 

2.1. Basic Properties. As in the introduction, we suppose that T is a discrete or 
profinite group, that P is a profinite group, and that p : T — ► P is a continuous, 
dense homomorphism. 

The relative pro-£ completion of T with respect to p is characterized by a uni- 
versal mapping property: if G is a profinite group, ip : G — > P a continuous 
homomorphism with pro-f kernel, and if <f> : T — > G is a continuous homomorphism 
whose composition with tp is p, then there is a unique continuous homomorphism 
rW.P -> G that extends (f>: 




The following property is a direct consequence of the universal mapping property. 

Proposition 2.1. A dense homomorphism p : T —* P /rom a discrete group to a 
profinite group induces a homomorphism ~p : T — > P /rom ffce profinite completion 
of T to P. T/ie natural homomorphism T — > T induces a natural isomorphism 

r( e )-p -> fW'P. □ 

Suppose that 5 is a linear group scheme over Z. For a positive integer m and a 
commutative ring P, set 

5(P)[m] - ker{5(P) -» S(R/mR)}. 

This is the /ewe/ to subgroup of S(R). Note that 5(Z^)[m] = 5(Z^)[£ y ], where 
z/ = ord^(m). 

We say that 5(Z) has the congruence subgroup property if every finite index 
subgroup of 5(Z) contains the level m subgroup S(Z)[m] of S(Z) for some m > 0, 
or equivalently, the natural homomorphism S*(Z) A — > 5(Z) is injective. In this case, 
the profinite completion of 5(Z) is the closure of its image in 5(Z). 

Proposition 2.2. Suppose that S is a linear group scheme over Z. If S satisfies 

(1) 5(Z) /ias the congruence subgroup property, and 

(2) 5(Z) — ► S(Z,/N) is surjective for every positive integer N, 

then the natural homomorphism 5(Z) A — > 5(Z) is an isomorphism. If, in addition, 
m is a positive integer and for every prime number p not dividing £m, S(¥ p ) has 
no non-trivial quotient i- group, then, the relative pro-l completion o/5(Z)[m] with 
respect to 5(Z)[m] — > S(Ze)[m] is the closure of S(Z)[m] in S(Ze)> which equals 
S(Ze)[l l/ ], where v = OY&i{m). 
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Proof. The morphism 

S(Z) -» S(Z) = \hn S(Z/N) 

N 

induces a homomorphism S(Z) A — > 5(Z), which is injective by condition (1) and 
surjective by condition (2). Condition (2) also implies that the sequence 

1 -> S(Z)[m] -» S(Z) -» S(1/m1) -» 1 

is exact. Since the right group is finite, the sequence 

1 -> 5(Z)[m] A 5'(^) A S{Z/mZ) -» 1 

of profinitc completions is exact. On the other hand, the sequence 

(1) 1 -» S(Z)[m] -» S(Z) -» S(Z/mZ) -» 1 

is exact by definition. The isomorphism S(Z) A — » 5(Z) therefore induces an iso- 
morphism of 5(Z)[m] A with 5(Z)[m]. 

Denote the order of m at a prime number phy v p . The short exact sequence (1) 
is the direct product over all prime numbers p of the exact sequences 

1 -» S(Z P )[|A] -» S(Zp) -» S(Z/p v "Z) -» 1. 

Consequently, the profinitc completion of 5*(Z)[m] is 

s(z)H=n%)i/i 

where p ranges over all prime numbers. The homomorphism p : S(Z)[m] — > 
5(Z^)[m] induces the projection 

S(Z)[m] = []S(Z p )[jA] -> S(Z/)[^] 
p 

onto the factor corresponding to I. Since the relative pro-€ completion S{Z)[m] tyt> 
is the largest quotient G of the profinite completion S(Z)[m] such that the kernel 
of G — > 5(Zf)[m] is pro-€, there is a surjection 

II ^(Zp)^] -> kcr{5(Z)[m] (£) - S(Z t )[m]} 

whose image is pro-£. Thus, to prove the proposition, it suffices to show that 
S(Z p )\p Vp \ has no non-trivial ^-quotient when p ^ £. 

Now suppose that p ^ £. It is well known that S(Z p )\p N ] is a pro-p group when 
N > 0. (It suffices to check this for GLm ) So if N > 0, every homomorphism 
from S(Z p )\p N ] to an i?-group is trivial. In particular, if v p > (or equivalently if 
p divides m), then S^Zj p )\p Vp ] has no non-trivial ^-quotients, as required. Suppose 
that p does not divide ml. In particular, v p = 0. Since 

1 -» S(Z p )[p] -» S(Zp) -» S(¥ p ) - 1 

is exact by condition (2), every homomorphism S(Z p ) A to an f -group 7^ p) 
factors through a homomorphism S(¥ p ) — > A. But we have assumed that there are 
no non-trivial such homomorphisms. Thus S(Z p ) [p Up ] has no non-trivial ^-quotients, 
as required. □ 
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The hypotheses of Proposition 2.2 are satisfied for all m > 1 when S — Sp ff when 
g > 2 and when S = SL„ when n > 3. (See [2] and [9, Thm. 1, p. 12].) 

Define Groupy to be the category whose objects arc topological groups that 
are either discrete or profinite; morphisms are continuous group homomorphisms. 
The category of discrete groups and the category of profinite groups are both full 
subcategories of Groupy. A sequence of group homomorphisms in Groupy is exact 
if its is exact in the category of groups. 

Proposition 2.3 (naturality). Suppose that T\ and T 2 are objects o/Groupy and 



that Pi and P 2 are profinite groups. Suppose that pj 
dense homomorphisms. If 

pi 



Pi are continuous 



Pi 



P2 



is a commutative diagram in Groupy, then there is a unique continuous homomor- 
phism cf>^ : r^' pi — > Y^' P2 such that the diagram 

pi 





4> P 







,W,P2 



P2 

commutes. 

Proof. This follows easily from the universal mapping property. 



□ 



Proposition 2.4 (right exactness). Suppose that Pi, P 2 and P3 are profinite groups 
and that pj : Tj — > Pj (j e {1,2,3}) are continuous dense homomorphisms in 
Groupy. Suppose that the Tj are all discrete groups or all profinite groups. If the 
diagram 

1 — - ri — ^ r 2 — ^ r 3 — ^ 1 




in Groupy commutes and has exact rows, then the sequence 



is exact. 

Proof. Denote rf' Pi by Tf. 



Since T 2 — > T 3 is surjective, the homomorphism 



r 2 — ► T3 — » Tg has dense image. This implies that F 2 



is surjective. 



Denote the closure of the image of Fi — > T 2 by N. Observe that this equals the 



image of T\ 



Since Ti is normal in T 2 , this is a closed normal subgroup 



ofT^. The image of N in P 2 is Pi. The homomorphism T 



P 2 induces a 



homomorphism p : T^p /N 



Pi /Pi — P3- Since the kernel of the composite T 2 
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— > T^/N contains Ti it induces a continuous homomorphism p : T 3 — > T^/N 
whose composition with p is /o 3 . The universal mapping property of T 3 — > 
implies that p induces a homomorphism — > T$p/N, which is necessarily an 
isomorphism. Since AT is the image of vf 1 — > this implies the exactness at 

rf. □ 

Relative pro-£ completion is not left exact. One dramatic illustration of this is 
Deligne's result [6], which we now describe. 

Suppose that S is the Z-group scheme SL„ or Sp g where n > 3 or g > 2. Since 
5(Z) is perfect, 5(Z) has a universal central extension. Denote the restriction of 
the universal central extension of S(Z) to a finite index subgroup r by V. This is 
an extension 

o-»z-»f-»r-»i. 

Dclignc [6] proves that every finite index subgroup of T contains 2Z, which implies 
that the profinite completion of T is an extension 

0^Z/eZ^? A ^r A ^ 1 

where e € {1, 2}. Since 5(Z) has the congruence subgroup property [2], the profinite 
completion of V is its closure in 5(Z). 

Deligne's result can be reformulated and extended to multiples of the universal 
central extension V — > T. 

Suppose as above that S = SL„ or Sp g with n > 3 or g > 2. Suppose that T is a 
finite index subgroup of 5(Z). Denote the restriction to T of the dth power of the 
universal central extension of 5(Z) by r^. (When d = 0, = V x Z.) Note that 
T = Ti. For all non-zero d e Z there is a short exact sequence 

1 -> f -» f d -» Z/dZ -» 0. 

When the context is clear, we will often drop p from the notation and denote 
TW'P by r^. For example, we will denote the relative pro-£ completion of Sp„ (Z) 
with respect to reduction mod £ by Sp„(Z)W. 

Proposition 2.5. For oiZ prime numbers I and all non-zero d g Z, i/iere are s/iort 
exaci sequences 

1 -» f w -» f* £) -» Z £ /dZ £ -» 



d 

and 

o - z £ /d/z £ - -» rw - 1, 

where f g {1,2} and / < e, i/ie constant defined above. 
Proof. Applying right exactness to the standard exact sequence 

1 -> f -> F d -» Z/dZ -» 

implies that the sequence 

f W _» f ^ -» Z £ /dZ £ -» 

is exact. Denote the kernel of r<j — > T by AT^. Set A' = ATi. Then each A"d is 
isomorphic to Z and K\ is the subgroup of Kd of index d. Injectivity of — > 
follows from the fact that if Af is a normal subgroup of T whose intersection with K 
has €-power index, then the subgroup N := N ■ / _1 (AT n AT) of Yd, where d = t ' f 
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with v = ordi(d), is normal in Yd and has the property that its intersection with 
Kd has l-power index and N n T — N. 
The diagram 



>- Z >- v d r > i 

xd 

o >z >f — >i 

has exact rows; the upper vertical maps are surjective and the lower vertical maps 
are injective. Deligne's result and the first part of this result imply that the relative 
pro-£ completion of this diagram is 



Ze/dfZe > T d e) rM *■ 1 

xd 

o >- %t/f%t >■ f w >■ rw — >■ i 

where / < e and f £ {1,2}. The second assertion follows. □ 

The following useful lemma is easily proved using the universal mapping property 
of relative pro-£ completion. 

Lemma 2.6. Suppose that 

V> _ 

1 ^ K *~P p »-l 

is a short exact sequence ofprofinite groups. Suppose thatT is a discrete or profinite 
group and that p : T — ► P is a continuous dense homomorphism. Denote tp o p by 
p. If K is a pro-l group, then the natural homomorphism T^' p — » r^>^ is an 
isomorphism. □ 

Example 2.7. Let S be the Z-group scheme SL n+ i or Sp„, where n > 1. Let 
P = S(Z() and P = S(Fg). Suppose that T is a discrete or profinite group and that 
p : r — > Si^Lf) is a continuous, dense homomorphism. Suppose that ?p : P ^ P 
is reduction mod I. Since ker?/> is a pro-£ group, there is a natural isomorphism 

2.2. Remarks on pro-£ completion. To conclude this section, we establish some 
basic facts about standard (i.e., relative to the trivial representation) pro-l? com- 
pletion. Denote the lower central series of a discrete group T by 

r = l}T D L 2 T D L 3 T D ••• 

The following observation follows directly from the fact that every finite £-group 
is nilpotent. 
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Lemma 2.8. For all discrete groups T, the natural mapping 

rW -» lim(r/L")W 

n 

is an isomorphism. □ 

This result can be refined as follows. For an integer to, let supp(to) denote the 
set of prime divisors of m. For a set S of prime numbers and a subgroup N of T, 
define 

s/ 



'iV = {j e T : there exists an integer to > with supp(m) C S and g m € AT}. 

The fact that the set of torsion elements of a nilpotent group is a characteristic 
subgroup, implies that if A^ is a normal (resp. characteristic) subgroup of T and 
T/N is nilpotent, then for all S, ^/N is a normal (resp. characteristic) subgroup of 

r. 

Denote the complement of S in the set p of prime numbers by S'. When S 
consists of a single prime number £, we shall write \/~N for \/]V and "\fN for %/~N. 
For simplicity, we denote ^/N by >/N. This is the set of all elements of T that are 
torsion mod A". 

Again, the fact that every finite i group is nilpotent implies: 

Lemma 2.9. For all discrete groups T, the natural mapping 

rw -> ihn(r/ <fi^)W 

n 

is an isomorphism. □ 

For each n > 1, define D n T to be the inverse image in T of the torsion elements 
of T/L n T. That is, D n T = VIFr, which is a characteristic subgroup of T. It is 
known as the nth rational dimensional subgroup ofT. 6 

Recall from the introduction that a discrete group T is ^-regular if every finite 
quotient of T that is an £-group is the quotient of a torsion free nilpotent quotient 
ofT. 

The condition that a discrete group T be ^-regular may be expressed in terms 
of the groups D m T and V ' L n T '. Observe that for all positive integers n, D n T D 

Proposition 2.10. A discrete group T is i-regular if for each positive integer n, 
there exists an integer m > such that D m T C V ' L n T '. In this case, the mapping 

-» lim(r/D")W 

n 

is an isomorphism. 

Proof. The natural mapping 

= ihn(r/ v^) (£) -» iim(r/D")( £ ) 

n n 

is surjective. The condition in the statement guarantees that it is also injective. □ 
Not all groups that inject into their pro-^ completions are ^-regular. 



''The groups D n T can also be constructed as follows. Suppose that F is a field of characteristic 
zero. Denote the augmentation ideal of the group algebra FT by Jp. Then D n T is the intersection 
of T with 1 + J™ in FT. For a proof see [34, Thm. 1.10, p. 474]. 
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Example 2.11. Suppose that S = SL n+ i or Sp„ where n > 2. Suppose that 
T = S(Z)[l m ] where m > 1. Even though this group injects into its pro-£ completion 
S(Zg)[£ m ], the homomorphism 

-» iim(r/ J D fe )W 

is trivial as T has no non-trivial torsion free abelian quotients [37], and therefore 
no non-trivial torsion free nilpotent quotients. 

If the graded quotients of the lower central series of T have no £-torsion, then 
D n T = <jTFr for all n > 0. Thus we have: 

Corollary 2.12. Suppose that T is a discrete group. If the graded quotients of the 
lower central series of T have no i-torsion, then T is l-regular. □ 

We conclude this section with the following result, which follows easily from the 
fact that every finite ^-group is nilpotent. 

Proposition 2.13. IfT is a discrete group such that Hi(T) <g) = 0, then is 
trivial. □ 



3. Mapping Class and Torelli Groups 

Suppose that g and n are non-negative integers satisfying 2g — 2 + n > 0. Fix 
a closed, oriented surface S of genus g and a finite subset x = {xi, . . . ,x n } of n 
distinct points in S. The corresponding mapping class group will be denoted 

r s , x = 7r Diff + (S,x), 

where Diff + (S', x) denotes the group of orientation preserving diffeomorphisms of 
S that fix x pointwise. By the classification of surfaces, the diffcomorphism class 
of (S, x) depends only on (g, n). Consequently, the group Ts, x depends only on the 
pair (g,n). It will be denoted by r 9i „ when we have no particular marked surface 
(S, x) in mind. 

For a commutative ring A, set H a — H\(S\ A). The intersection pairing H® 2 — > 
A is skew symmetric and unimodular. The choice of a symplectic basis of Ha gives 
an isomorphism Sp(Ha) — Sp g (A) of 2g x 2g symplectic matrices with entries in 
A. The action of Diff + (5 f , x) on S induces a homomorphism 

p ■ r s ,x -> s P (H z ) 

which is well-known to be surjective. 

Let p : T s . x —* Sp(iJ z /£ Z ) be reduction of p mod L Define to be the relative 
pro-i? completion of Ts.x with respect to p. By Example 2.7, this is isomorphic to 
the relative pro-£ completion of Ts x with respect to the natural homomorphism 

r s ,x^s P 0ff Zf ). 

Proposition 3.1. Suppose that n > 0, that S is a surface of genus > 2, and that 
x = {a;o, . . . ,x n } is a set of n + 1 distinct points of S. Set x' = x — {x } and 
S' = S — x' . Then 

(1) the natural homomorphism Ts, x — > Tg' x is infective; 

(2) the sequence 1 — > iri(S',Xo)^ — > r^ x — > Tg x , — » 1 o/ relative pro-i com- 
pletions is exact. 
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Proof. Since 7Ti(S",a;o) is rcsidually nilpotent and since the graded quotients of 
its lower central series are torsion free (cf. [30] when n = 0), the homomorphism 
tti(S',x ) -» 7ri(5',a;o) (£) is injective. Thus Aut ni(S', x ) -> Aut cts ni(S', x ) (£) 
is also injective. Since Tg x is a subgroup of Aut tti(S', Xq), it is a subgroup of 
Aut cts ni(S',xo)W. The first assertion now follows as the inclusion of T,s, x into 
Aut cts ni(S',xo)W factors through the completion homomorphism: 

r 5,x-rgl^ Aut cts TTi (S', X )W. 

Since relative pro-£ completion is right exact, to prove the second assertion, we need 
only show that m(S',xo)^ — » r^ x is injective. But this follows as the composite 

TriCS'.zo)^ - rg x - Autcts TTi (S', Z ) W 

is the conjugation action, which is injective as 7r 1 (S", Xq)^ has trivial center (cf. 
[1] when n = 0). □ 

The Torelli group Tg >x is defined to be the kernel of p. Its isomorphism class 
depends only on (g,n). It will be denoted by T 9i „ when we have no particular 
marked surface in mind. 

Proposition 3.2. Suppose that n > 0, that S is a surface of genus > 2, and that 
x = {a; , . . . ,x n } is a set of n + 1 distinct points of S. Set x' = x — {x } and 
S' = S — x' . T/ien £/ie sequence 

o/ relative pro-l completions is exact. 

Proof. We need only prove the injectivity of the left hand mapping. But this follows 
from the injectivity of the composite 

which was established in Proposition 3.1. □ 

3.1. Variant: tangent vectors and boundary components. Suppose that x 
is a set of n distinct points in S and that Vj is a non-zero tangent vector at yj G S, 
and {yi, . . . , y r } is a set of r distinct points, disjoint from x. Set v = {vi, . . . , v r }. 
Define 

r S ,x,v = 7r Diff + (S,X,v), 

the group of connected components of the group of orientation preserving dif- 
feomorphisms of S that fix x and v pointwise. The corresponding Torelli group 
^S,x,v is the kernel of the homomorphism r S x ^ — > Sp(i?i(5)). For m e N, de- 
fine its level m subg roup r^ )7l) f?[?7i] to be the kernel of trie natural homomorphism 
r fl , n , r -»Sp(/ri(5;Z/m)). 

The group T^^^ is isomorphic to the mapping class group of a genus g surface 
with n marked points and r boundary components. The isomorphism can be seen by 
replacing S—{x\, . . . , x n , yi, . . . , y r } by the real oriented blow-up of S— {x\, . . . , x n } 
at each of the yj. (See [15, §4.1] for more details.) 

The groups T$ . x ,v an( i ^s.x,v depend only on 5, n and r. We shall often denote 
them by ^ g , n ,f an d ^g,n,f- The indices n and r will be dropped when they are zero. 
For example, Y g j denotes the mapping class group associated to a genus g surface 
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with one tangent vector, while r s> i denotes the mapping class group of a genus g 
surface with one marked point. 

Replacing each tangent vector by its anchor point defines a natural surjective 
homomorphism T gint ? — > r Si „ +r whose kernel consists of the free abelian group 
generated by the r Dehn twists about the anchor points of the tangent vectors. 
The extension 

► Z ► ^ g,n.r * Tp.n+r * 1 

is central and, by right exactness of relative pvo-£ completion, induces an exact 
sequence 



g,n,f g,n+r 



Proposition 3.3. The sequence 



is exact. 



Proof. Suppose that 2g — 1 + to > 0. Denote the fundamental group of a genus g 
surface S with to punctures and one boundary component (with base point lying 
on the boundary) by II g m j. It is a free group (oi, . . . , a g , bi, . . . , b g , z\, . . . , z m ) of 
rank 2g + m generated by a standard set of generators. The boundary loop c is 
given by 

9 

c = zf 1 • • • z' 1 Yl ",''/", 

3=1 

The action of the Dehn twist on the boundary is conjugation by c^ 1 , which is of 
infinite order as II _ ? is free. 

g. rii, i 

Since Tl g m j is free, it injects into its pro-£ completion 11^ j. Consequently, 

the action of a Dehn twist about the boundary of S on IT - has infinite order. 
In other words, the restriction of the natural homomorphism 

V> :r or „ r ^ Autn (£) r 

to the central Z generated by the Dehn twist about the boundary, is injectivc. This 
proves the result when r = 1. 

When r > 1, consider the homomorphism <pj : T gtn _? — > T g „ +r _ 1 j that replaces 
all but the jth (1 < j < r) tangent vector by its anchor point. The composite 

17 > ?g,n,r Aut IT W - 

M ' ' — 1,1 

is injective on the jth factor, and trivial on all others. This implies that the 
homomorphism — > - is injective. □ 

3.2. Continuous actions. For later use, we show that when g > 3, even though 
T^l may not inject into -,, there is still a natural action of - on T^l -?. 

Proposition 3.4. If g > 3, then for all r, n > 0, the conjugation action T g>n< ? — > 
Aut T a n p induces a continuous action - — > Aut T^2 
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Proof. Set r = Tg in ,ff, T = T g;n _? and S = Sp g . Denote the genus g reference 
surface by X. Since pro-£ completion is functorial, the conjugation action induces 
an action T — > Aut Since T acts trivially on the graded quotients of the lower 
central series of its image in Aut lies in the kernel Auto of the natural 
homomorphism AutT^) — > Aut-ffi(T^). Since g > 3, T is finitely generated by 
[25], which implies that H^T^) = H X {T) <g> Z e . Since the sequence 

1 -» Aut T W -» Aut T w -> Aut <g> Z £ 

is exact and AutoT^ is a pro-£ group, to prove the result, it suffices to show that 
the action of S(Z) on H±(T) <g> Z £ factors through S(Z) -» 5(Z^). Johnson [26] 
has shown that H\(T) has only 2-torsion and that Hi (T)/torsion is an algebraic 
representation of the group scheme S. This implies that when £ is odd, the 5(Z) 
action on H\(T) ® Z^ factors through S(Z) — > S(Zf ). 

To establish the result when ^ = 2, we need another fundamental fact that was 
established by Johnson in [26]. Namely, i?i(T;F 2 ) is isomorphic to a space 7 of 
cubic boolean polynomials on the F 2 -valued quadratic forms on ifi(X;F 2 ) with 
respect to its intersection form. This implies that the action of S(Z) on f/i(T;F 2 ) 
factors through S(Z) -» S(F 2 ). Since the 2-torsion i?i(T) (2) of i?i(T) is an S(Z) 
submodulc of Hi (T; F 2 ), it is also an S'(F 2 )-modulc. To show that the action of 5(Z) 
on Hi(T) (g) Z 2 factors through S(Z) — > 5(Z 2 ), it suffices to show that the image 
of S(Z)[2] in Aut-ffi(T) <g> Z 2 is contained in a pro-2 subgroup of Aut .Hi (T) <g> Z 2 . 
This is because S(Z 2 ) is the relative pro-2 completion of 5(Z) with respect to 
S(Z) -> 5(F 2 ) by Proposition 2.2 and Example 2.7. 

Write i?i (T) as an extension 

o-»jri(T) (2) -»iri(T)-» v-o. 

Johnson's computation of H\(T) implies that V is a finitely generated, torsion 
free Z-module that is an algebraic representation of S. The image of S(Z)[2] 
in AutiJi(T) preserves this sequence and is thus contained in a subgroup G of 
Aut H i (T) ® Z 2 that is an extension 

-» Homz(V,iri(T) (2) ) - G -» S(Z 2 )[2] - 1, 

which is a pro-2 group and thus completes the proof. □ 

3.3. Notational Convention. To avoid confusion, we make explicit our conven- 
tion that the relative pro-^ completion of the mapping class group T g ^ n ^[m] (resp. 
the arithmetic group Sp 9 (Z)[m]) with respect to the natural homomorphism to the 
closure of its image in Sp g (Z e ) will be denoted by T g ^ P [m}^ (resp. Sp fl (Z)[m]W). 

4. Relative Unipotent Completion of Discrete Groups 

Relative unipotent completion is analogous to relative pro-£ completion, but 
often more computable as it is controlled by cohomology. In many situations, 
including the ones in this paper, the relative pro-^ completion of a group T maps 
to its relative unipotent completion. In such cases, relative unipotent completion 
can be used to give a lower bound for the size of the relative pro-£ completion of 
a discrete group; under very favorable conditions, it can be used to compute the 
relative pro-£ completion. 



7 The space depends on n and r. 
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There are various kinds of relative unipotcnt completion, in this paper we need 
only the simplest kind, which is reviewed in this section. More details can be found 
in [11, 15]. Throughout this section, F will denote a field of characteristic zero. 

The basic data are: 

(1) a discrete group T; 

(2) a reductive linear algebraic F-group R; 

(3) a Zariski dense representation p : T — > R(F). 

The relative unipotent completion of T with respect to p is a proalgebraic group Q 
over F which is an extension 

where U is a prounipotent F-group, together with a homomorphism p : V — > G(F) 
that lifts p. It is characterized by the following universal mapping property: if G 
is a linear algebraic F-group that is an extension of R by a unipotent group and if 
p : r — ► G(F) is a homomorphism that lifts p, then there is a unique homomorphism 
<f> : Q — > G of proalgebraic F-groups such that 




G(F) 

commutes. 

We shall denote the relative unipotent completion of T with respect to p by 
g(T,p), or simply (?(T) when p is clear from context. 

The relative unipotent completion of a discrete group can be constructed as an 
inverse limit of Zariski dense representations p : V — ► G(F), where the F-group G is 
an extension of R by a unipotent group. Alternatively, G(T) can be constructed as 
the tannakian fundamental group of the category of finite dimensional fT-modules 
V that admit a filtration 

= I V C hV C • • • C I n _,V CI n V = V 

by FT-submodules with the property that each graded quotient I^V/Ik-iV has a 
rational action of R for which the action of V on it factorizes through p : T — > R(F). 
This is a neutral tannakian category 7£(T, p) over F. There is a natural isomorphism 

7n(^(r,p),w) sfi(r,p) 

where u : lZ(T,p) — > Vec^ is the forgetful functor. See [7] for definitions and [17, 
§7] for discussion of tannakian description of weighted completion. 

Example 4.1. If T is an arithmetic subgroup of an almost simple Q-group G of 
real rank > 2, and F is any field of characteristic zero, then the relative unipotent 
completion of T with respect to the inclusion T G(F) is G/f, [H, P- 84]. In 
particular, if T is a finite index subgroup of Sp ff (Z) and g > 2 (resp. of SL„(Z) and 
n > 3), then the relative unipotent completion of T with respect to the inclusion 
p : r -» S Pg (F) (resp. T -» SL„(F)) is S Pg/F (resp. 5L„ /F ). When 5 = 1, the 
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completion of T has a very large prounipotent radical — it is free of countable rank, 
[12, Remark 3.9]. 

4.1. Unipotent completion. When R is the trivial group, relative unipotent com- 
pletion reduces to unipotent (also called Malcev) completion. We shall denote the 
unipotent completion of T over F by . 

The unipotent completion of a finitely generated group is always defined over Q. 
Suppose that T is finitely generated. Denote its unipotent completion T"q over Q 
by T un . Since (T un ® Q F) (F ) = T un (F), the homoniorphism T -> T un (F ) induces a 
homomorphism T™ — ► T un (g)Q F. This homomorphism is an isomorphism. Proofs 
can be found in [11] and [16]. 

Denote the nth term of the lower central series of T un by L"T un . The following 
"well-known" result follows from [36] and [34], as explained in [21, (2.17)]. 

Proposition 4.2. IfT is a finitely generated group and F is afield of characteristic 
0, then D n T equals the inverse image of (L n T un )(F) under the natural homomor- 
phism T — > T un (F). Moreover, the image of D n T is Zariski dense in L n T un and 
there is a natural isomorphism 



4.2. Relative unipotent completion of mapping class groups. Suppose that 
S is a compact oriented surface of genus g > 0, that r and n are non-negative 
integers such that 2g — 2 + n + r > 0, that x is a finite subset of S of cardinality n, 
and that v is a finite set of tangent vectors of S of cardinality r as in Section 3.1. 
The natural homomorphism 



is Zariski dense. Denote the relative unipotent completion of Fs x ^ with respect 
to p by Gs.x.y- The relative completion of T g ^ n ^ will be denoted by G g , n ,f- 

Note that, when g = and n + r > 3, Hi(S) is trivial so that relative unipotent 
completion is unipotent completion: Qo, n ,f = -y F . 

We recall some basic facts about relative unipotent completion of mapping class 
groups. First, for all g > and n+r > 0, the natural homomorphism T g n ? — > G g , n ,r 
is injective. 

For a non-negative integer m, the level m subgroup T g n ,p[m] of T g n p is defined 
to be the kernel of the mod m reduction p m : T gtTl _? — > Sp g (Z/m) of p. Note 
that r 9j „^ = r ff , nj f[l] and T g ^ n j — r gj „^[0]. When g > 3, the relative unipotent 
completion is independent of the level. 

Theorem 4.3 (Hain [12]). Ifg>3, then for all non-negative integers r,n and all 
positive integers m, the inclusion T g _ rh .j\m] — ► ^g,n,r induces an isomorphism on 
relative unipotent completions. When g = 1,2, the relative completion ofT g>n f[m] 
depends non-trivially on the level m > 0. □ 

Right exactness implies that the sequence 



(D n T/D n+1 ) ® Z F= (L n T un )(F)/(L n+1 T un )(F). 




Sp(ffi(5;F)) 



iun 



'g,n,r 



is exact. 
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Theorem 4.4 (Hain [11, 12]). If g > 3, then the the kernel of ' T™- -> Q g , n f is 



isomorphic to the additive group G a . That is, there is an exact sequence 

0^G a ^ T£X? - Qg, n ,f "> S Pfl - 1. □ 

5. Unipotent Completion versus Pro-£ Completion 



In this section we show that when T is a finitely generated ^-regular group, the 
natural homomorphism r( £ ) — > r un (Q^) is injective, a fact we shall need in the 
proof of Theorem 1. 

Lemma 5.1 ([16, Lemma A. 7]). IfT is a finitely generated discrete group and I a 
prime number, then the natural homomorphism T — > T un (Q^) induces a homomor- 
phism rw -> r un (Q e ). 

Next we give conditions under which this homomorphism is injective. In these 
cases, the unipotent completion of a group T over Qi can be used to "compute" 
pro-£ completion of T. 

As in previous sections, the lower central series of any group (discrete, profinite, 
proalgebraic) G will be denoted 

G = L 1 G^L 2 G^L 3 G^--- 

Proposition 5.2. If T is a finitely generated i-regular group, then the natural 
homomorphism — > T un (Q^) is injective. 

Proof. The unipotent completion of any group is the inverse limit of the unipotent 
completions of its torsion free nilpotent quotients 

T un = lim(r/L>") un . 

n 

By Proposition 2.10, the ^-regularity of T implies that 

s Um(r/D n )W. 

n 

It therefore suffices to prove the result when T is a finitely generated, torsion free 
nilpotent group. This is easily proved by induction on the length of the filtration 
D' of T. If D 2 T is trivial, then T is a finitely generated abelian group, and thus 
isomorphic to 7L N for some TV. In this case 

rW = r ®i 7L, and T un (Q e ) = T <g> z Q e . 

So the result follows. If D n+1 is trivial, then we can write T as an extension 

i -» L>"r -» r -» r' -> 1 

where P = T/D n . Both T' and .D"T are finitely generated, torsion free, nilpotent 
groups. By induction, we may assume that the result is true for T' and D n T. To 
complete the proof, consider the commutative diagram 

1 >- D n Y >- r >- T' >- 1 



i 



(r') (£) 



— l 



(jD „ r) u„ (Q ^ r un (Q,) — > (r') un (Q^) 
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The third row is exact by Proposition 4.2; the second is exact by the right exactness 
of pro-£ completion. The maps j n and j' are injective by induction. Since i is 
injective, j is as well. □ 

6. Proof of Theorem 1 

Fix integers g > 3, n > 0, r > and m > 1. Set T = r 9>n ,Fi r[m] = T gn p[m] 
and T = T g ^ n ^. Denote the Z-group scheme Sp g by S. 

Fix a prime number I. Denote the pro-£ completion of T by and the relative 
pro-^ completion of T[m] with respect to the standard homomorphism to S(Zi)[m] 
by r[m]W. By Proposition 2.2, the relative pro-£ completion of S{Z)[m] is S(Z e )[m]. 

6.1. An upper bound. In this section, we prove that if T is ^-regular, then the 
kernel of — > is either or isomorphic to Z^. 

The right exactness of relative pro-£ completion implies that the sequence 

rW^r[m]M->S(Z«)[m] -> 1 

is exact. Denote the kernel of — » r[m]^ by Ki_ m . When T is ^-regular, we 
can give a tight upper bound on the size of K^ m . 

Lemma 6.1. The kernel K e , m ofT^ -» T [m] W is an abelian pro-i group contained 
in the center of 'T^ . it ftas a natural S{Zt)[m] action. 

Proof. By Proposition 3.4, the conjugation action T — ► Aut T induces a continuous 
action r[m]W -» Aut T^. The kernel /Q, m of -» r[m]W is thus a r[m]W- 
module that is contained in the center of T^ e \ Since acts trivially on -fQ, m , 
the r[m]-action on K^ m descends to a S(Z^)[m]-action. □ 

We suspect, but cannot prove, that the S(Z)[ra]-action on K^ m is trivial. When 
T is ^-regular, we can prove this and give a strong upper bound on the size of K^ m . 

Proposition 6.2. If T is (.-regular, then the kernel Ki >m of — ► r[m]^ is a 
compact subgroup ofQe and is therefore either or isomorphic to Zg. The S(Z)[m]- 
action on Ki >m is trivial. 

Proof. Since T is ^-regular, j : T^ — ► T un (Q^) is injective. The diagram 

TW >- r[m]< £ ) 5(Z^)[m] 1 

3 

T un (Q £ ) ^ g(Q e ) S(Q e ) *■ 1 

commutes and has exact rows by Theorem 4.4 and the right exactness of relative 
pro-i? completion. Consequently, the kernel of T^ — > r[ro]( £ ) is contained in the 
intersection of im j with Qg, which is compact as T^ is profinite. The first assertion 
follows as the compact subgroups of are and l n Zi where tieZ. The triviality 
of the 5(Z)[m]-action on Kg^ m follows from the fact that the inclusion T[m] — > 
T induces an isomorphism on relative unipotent completions [12, Prop. 3.3], and 
because the kernel of T un — ► Q is a trivial ^-module with respect to the action of 
Q on T un that is induced by the conjugation action of r on T. □ 

All remaining sections of Section 6 are devoted to proving that, regardless of 
whether T is ^-regular or not, the kernel of — > contains copy of Zg. 



18 



RICHARD HAIN AND MAKOTO MATSUMOTO 



6.2. The groups G and G. The argument to prove the non-triviality of the kernel 
of —> is somewhat intricate and uses the structure of some natural quotients 

of r. 

Consider the filtration 

r = D°T D D 1 T D D 2 T D ■■■ 

of T defined, when k > 1, by D k Y := D k T. Since T is finitely generated [25], the 
graded quotients D 1 /D k+1 are finitely generated, torsion free nilpotent groups for 
all k > 1. Each graded quotient is an S'(Z)-modulc. 
Set 

V = D^/D^ = ffi(T;Z)/torsion. 
Then for all positive integers m we have an extension 

(2) l^V -^T[m]/D 2 -» S(Z)[m] -» 1 

Denote the relative pro-i? completion of T[m]/D 2 with respect to the natural ho- 
momorphism to S(Z e )[m] by (Y[m] / D 2 )^ . Set V t = V® Z/. 

Lemma 6.3. For all positive integers m, there is an injection 

4> m : T[m]/D 2 -» S(Z)[m] k V 

tAat commutes with the projections to S(Z)[m] and whose restriction to V is mul- 
tiplication by 2. Its image has finite index. 

Proof. It suffices to prove the case m = 1. The extension (2) is determined by a class 
e e H 2 (S(Z), V). Johnson's Theorem implies (cf. [12]) that V is isomorphic to the 
sum of A 3 H/H and n + r copies of iJ, where H denotes the defining representation 
of Sp g . Since —I € S(Z) acts as —1 on V and is central in S(Z), it follows from the 
"center kills" argument that H 2 (S(Z), V) is annihilated by 2. In particular, 2e = 0. 
Consequently, the extension of S(Z) by V obtained by pushing out the extension 

(2) along the multiplication by 2 map x2 : V — > V splits. This implies that there 
is a map of extensions 

(3) 1 >- V T/D 2 > 5(Z) 1 



x2 


<t> 







1 ^ V »- S(Z) k V" ^ 5(Z) > 1. 

The result follows. □ 

Corollary 6.4. If I is odd, the relative pro-i completion ofT[m]/D 2 is isomorphic 
to S(Z e )[m] K Mien I = 2, (r[m]/L> 2 )( 2 ) has finite index in S(Z 2 )[m] K V 2 . □ 

Proof. We first show that the relative pro-^-completion of S(Z) [m] k V is S(Z^) [m] x 
V^. The relative pro-^ completion of 5(Z)[m] is S(Zt)[m] and the pro-£ completion 
of V" is V^. The obvious homomorphism 



<t> : S(Z[m}) ix V — > S(Z e )[m] x 
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is continuous. It therefore induces a homomorphism (f>£ such that the diagram 
V t (S{Z) k vf ] S(Z e )[m] 1 



1 



S(Z t )[m] k V r 



S(Z e )[m] 



1 



commutes and has exact rows. It follows that <j>( is an isomorphism. 

When £ is odd, 2 is a unit in Zg. The result now follows from right exactness of 
relative pro-£ completion by taking the relative pro-^ completion of the diagram 



1 



V 



x2 



/D 2 



■S(Z)[m] 



->- 1 



■5(Z)[m] k V ■ 



■5(Z)[m] 



->- 1. 



■*■ V 



which is the restriction of the diagram (3) to the level m subgroups. 



□ 



The next step is to enlarge the quotient T[m}/D 2 of T[m] by a central extension. 
Since V ® Q is a rational representation of S and since (Gr ^ T) <S> Q is a graded Lie 
algebra in the category of S(Z)-modules that is generated by (Gr^, T)®Q = V®Q, 
each (D k T/D k+1 ) £g> Q is a rational representation of the algebraic group 5 <g> Q. 
By [12, Thm. 10.1], when r = n = 0, 



dim[(D 2 T 9 /D 3 T ff ) ®( 



1. 



Let ao : D 2 T g /D 3 T g — > Q be an 5'(Z)-invariant projection. Since the action of 
S{Z) is semi-simple, this projection is unique up to scalar multiplication. Define 
a Q : D 2 T/D 3 -> Q be the composite 

D 2 T/D 3 -» D 2 T g /D 3 T g Q. 

Since D 2 T/D 3 is finitely generated, the image of ajj is isomorphic to Z. Let a : 
D 2 T/D 3 — > Z be the unique (up to sign) surjection whose composition with Z — > Q 
is aQ. 



6.2.1. Construction of G. This is a key construction in the proof. Define G to be 
the group obtained by pushing out the extension 

-» D 2 T/D 3 -» r/Z) 3 -» L/L> 2 -» 1 

along the surjection a : D 2 T / D 3 — » Z. It is an extension of T/D 2 by Z. It can also 
be written as an extension 

1 -> £^ 5(Z) -» 1, 

where the kernel E is a central extension of V by Z, whose structure we compute 
below. 
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6.2.2. Heisenberg groups. Suppose that W and A are abelian groups, and that 
b : W ®z W — > A is a bilinear pairing. The Heisenberg group Heis&(VK, A) is the 
group whose underlying set is W x A and whose multiplication is 

(w, a) ■ (w',a') = (w + w' , a + a' + b(w, w')). 

This is a central extension 

(4) -» A -» Heis 6 (W, A) -» -» 

of W by A The commutator induces the skew symmetric bilinear pairing 

c : W ® z W -» A 

defined by c(w, w') = b(w,w') — b(w',w). s The abelianization of Heis^VF, A) is thus 
an extension 

(5) 0-» A/imc-»ffi(Heis 6 (W,A))-»VF-»0. 

When T4^ is a free abelian group of finite rank, c can be regarded as an element of 
H 2 (W; A). It is the class of the extension (4) and determines it up to isomorphism 
of extensions. Thus, when W is torsion free of finite rank, every central extension 
of W by A is of the form Heis&(W, A) for some bilinear pairing b : W ® W — > A 

Example 6.5. The classical integral Heisenberg group is the group HeiSfc(Z 2 ,Z), 
where b((x, y), (x' , y')) — xy' . It is isomorphic to the group 

1 Z Z 
1 z 
1 

The class of the extension is the class of the skew symmetrization {(x, y), (x' , y')) = 
xy' — x'y of b, which is the generator of H 2 (Z 2 ; Z) = Z. 

Lemma 6.6. If b : W xW — > Z is a bilinear pairing on a finitely generated, torsion 
free abelian group, then the natural homomorphism 

Heis 6 (VK, Z) -> Reis b (W <g> Z e , Z e ) 
is the pro-l completion ofHcisi,(W, Z). 
Proof. Consider the diagram 

Ze > Heis fc (T^, Z)^ ^ W ®Z t ^ 1 

1 ^ 1(> ^ Ueis b {W ® Z e ,Z e ) W ® 7L t ^ 1 

Right exactness of pro-^ completion implies that the first row is exact. Since the first 
and third vertical maps are isomorphisms, the central map is also an isomorphism. 

□ 

Since V is a finitely generated, torsion free group, the kernel E of the homo- 
morphism G — > S(Z) is a Heisenberg group. The commutator of E induces a skew 
symmetric bilinear pairing V x V — > Z which is S'(Z)-invariant because it is invariant 
under the conjugation action of the mapping class group on T. The commutator 
pairing can be written as dq, where d is a positive integer and q : V x V — > Z is 



8 Note that if b is skew symmetric, then c = 2b. 
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a primitive pairing. (That is, it cannot be divided by any integer > 1.) In other 
words, the class of the extension is dq £ H 2 (V, Z). It follows from the sequence (5) 
that the abelianization of E is an extension 

-» Z/d -» H^E) -> V -» 0. 

Proposition 6.7. TTie integer d divides 2 and E is a subgroup of Heis 9 (V, Z) o/ 
index 2/d. 

Proof. Since T — > is surjective, H\(T) — ► Hi(E) is surjective. The definition 
of the rational dimension subgroups implies that £> 2 T surjects onto the torsion 
subgroup of Hi(T). It follows that the torsion subgroup of H\(T) surjects onto 
Z/d. Since the torsion subgroup of H\(T) has exponent 2 [26], it follows that 
d = 1 or 2. Standard facts about group cohomology imply that if d = 2, then 
£ = Heis 9 (V, Z). If d = 1, then £ has index 2 in Heis g (F, Z). □ 

Since 2 is a unit in Zi when £ is odd, Lemma 6.6 and the previous result give 
the following computation of E^\ 

Corollary 6.8. If I is an odd prime number, then the pro-t completion of E 
is isomorphic to Heis 9 (V <g> Z^, Ze). If £ = 2, then either E^ is isomorphic to 
Keis q (V <g> Z2, Z2) or has index 2 in it. In either case, the completion Zi — ► 0/ 
i/ie inclusion Z ^ E of the central Z into E is injective. 

6.2.3. Construction of G. It will be necessary to compute the relative pro-£ com- 
pletion of G up to a finite group. In order to do this, we will construct another 
group G that contains G as a finite index subgroup. 

Proposition 6.9. There is a group G that is an extension 
(6) -» Z -» G -» 5(Z) «F-tl 

i/iai contains G as a finite index subgroup. More precisely, there is a diagram of 
extensions 

> z > G T/L> 2 ^ 1 



x8/d 






• 



^ Z G 5(Z) k V ^ 1 

where d G {1,2} is the integer defined before Proposition 6.7 and tfii is the ho- 
momorphism constructed in Lemma 6.3. The extension of S(Z) by Z obtained by 
restricting the extension (6) to S(Z) is —(85 + 4) times the universal central exten- 
sion 5(Z) ofS(Z). 

It will follow from the proof of Corollary 6.10 that d is, in fact, 2. 

Proof. The proof uses the geometry of moduli spaces of curves. We first review 
the construction of the biextension bundle; a detailed exposition can be found in 
[20]. In this proof, all moduli spaces are defined over C and are viewed as analytic 
orbifolds. The moduli space A g (viewed as an orbifold) is a model of the classifying 
space BS(Z) of S(Z). The bundle of intermediate jacobians J over A g associated 
to the representation 

V := A 3 H/H T g /D 2 T g 
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of S'(Z), where H denotes the defining representation of S, is a model of the classi- 
fying space B(S(Jj) k Vb). A splitting of the extension is given by the zero section 
of k7(Vq) — > A g . There is a natural line bundle Bo — > i/(Vb) whose associated <C*- 
bundlc is a model of B(S(Z) x Heis q (Vo, Z)) , where g is the S'-invariant bilinear 
pairing 1/ x V — > Z defined before Proposition 6.7. The restriction of Bo to the 
zero section A g is trivial. A detailed exposition of the construction of Bo is given 
in [20]. 

The period mapping M g ^ A g lifts to a holomorphic mapping v a : A4 9 — > 
i7(Vo), which is the normal function that takes the moduli point of the curve G to 
the point in the primitive intermediate jacobian of JacC that corresponds to the 
algebraic cycle C — C~ in JacC: 




J(Vo) 



■A 



However, it does not lift to a section of Bq — > A g . The obstruction is the first 
Chcrn class of v^Bo, which is (83 + 4)A e H 2 (M g ;Z) ^ H 2 (A,; Z), where A is the 
first Chern class of the line bundle C over A g corresponding to the universal central 
extension of 5(Z), pulled back to M g . This Chern class computation follows from 
results of Morita [32, (5.8)] and is proved directly in [19]. 

The Chern class computation implies that the pullback of Bq ® £®(~( 8 s+ 4 )) to 
M g along vq is trivial. This implies that Vq ■ M g JiVo) lifts to a section v of 
the C*-bundle {B <8> £®(-(89+ 4 )))* : 



(£ ®£® ( - (89+4)) ) 




At this stage it is useful to reinterpret this statement group theoretically. Set 
Go = 7ri((B (g)£® ( - (89+4)) )*,*). This is an extension 

-> Z -» G -» S(Z) k Vo — > 1 

that is also an extension of 5(Z) by the Heisenberg group Heis g (Vb,Z). Its re- 
striction to 5(Z) (fundamental group of the zero section of J{Vo)) is £®(~( 8 9+ 4 )), 
which has class — (8g + 4)A e if 2 (S(Z); Z). The lift £ of the normal function z/ 
induces a homomorphism T g — ► Go whose image contains the center Z; the induced 
homomorphism T g — > Vb is twice the Johnson homomorphism and has image 2Vb- 
This induces a homomorphism tp : E — > Heis 9 (Vb,Z). Noting that the commu- 
tator pairing of Heis g (Vb,Z) is 2q, we see that ip must be multiplication by 8/d on 
the central Z's: 



A 2 V 



x4 



■A 2 V 
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Here the first column is the commutator pairing of E and the second is the commu- 
tator pairing of Heis q ( Vb , Z) . This completes the proof of the result when r = n = 
by taking G = Go- 

By replacing T g>n , t ? by r s>n + r , we may assume that r = 0. When n = 1, V = 
A 3 H. There is a family of intermediate jacobians J(h?H) over A gi which also 
fibers over J(Vq): 

J(A 3 H) -» J(V ) -» A,. 

This has fundamental group 5(Z) k A 3 iJ and the restriction of i^i to T Si i induces 
twice the Johnson homomorphism T S; i — > A 3 i7. The normal function lifts to a 
normal function v\ : A4 g ,i — > ^T(A 3 H) that induces the homomorphism r S; i — > 
5(Z) K A 3 if of Lemma 6.3. It is the normal function that takes the moduli point 
of the pointed curve (C,x) to the point in the intermediate jacobian of H 3 (JacC) 
determined by the algebraic cycle C x — C~ in Jac C. 

This generalizes to the case n > 1 as follows: Denote the projection A 3 ii — > Vo 
by p. Then, by [14, Cor. 3], 

V = {(«i,..., u„) G (A 3 iT)™ :p( Ul ) = ••• =p(u„)}. 

Define J(V) to be fibered product of n copies of J{K 3 H) over J7"(Vo). It is a model 
of the classifying space of S(Z) k V. Each of the n points determines a normal 
function i>j : A4 9in — > J(k 3 H). These all project to the normal function 

Mg, n ^Mg ^J(V ). 

They therefore define a section v n : M. g , n — ► i700- This induces the homomor- 
phism — ► S*(Z) k V of Lemma 6.3. 

Denote the projection J{V) — > J7"(Vo) by 7r. Then one has a diagram 

7T*(S ® £®(-( 8 S+ 4 )))* - (S ® £®(-(89+4)))* 




The group G is defined to be 

G = 7n(7r* (£ ® £®(-(8»+4)))* ',*). 

The homomorphism L g! „ — > G is induced by £„. Its image is G. □ 

Denote the inverse image of 5(Z)[m] in G by G[m] and by G[m] the inverse 
image of S(Z)[m] under the natural projection G — ► S(Z). Then G[m] has finite 
index in G[m]. 

Corollary 6.10. For a// positive integers m, there is a subgroup S of G[m] whose 
image S' under the quotient mapping G[m] — ► 5(Z)[m] has finite index and which 
is, up to A-torsion, — (2g + l) times the restriction of the universal central extension 
of 5(Z) to S'. Moreover, d — 2 and E is isomorphic to Heis g (V, Z). 
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Proof. Denote by S(Z) the restriction of the extension (6) to S(Z). This is — (8g+4) 
times the universal central extension of S(Z). Let S be the intersection of G[m] 
with S(Z) in G. The statement about the Chcrn class of the extension follows 

as S contains the center of G[m], which has index 8/d in the center of S(Z). Its 
Chern class is thus, up to 8/(i-torsion, d/8 times the restriction of the Chern class 

-(8g + 4)A of the extension S(Z) of S(Z). Since A generates H 2 (Sp g (Z), Z), this 
forces d = 2. The remaining assertion follows from Proposition 6.7. □ 

Recall that G[m] is an extension 

1 -» E -» G[m] -» S(Z)[m] -» 1. 

Corollary 6.11. For aZZ prime numbers I, the kernel of the homomorphism 

_> G[m] M 

is isomorphic to Zg. 

Proof. Apply relative pro-^ completion to the diagram 







— 1 



1 ^ E — ^ G[m] 5(Z)[m] 1 

to obtain the commutative diagram 



— 1 



■G[m 



5(Z)[m 



whose rows arc exact. Corollary 6.8 implies that (3^ is injective. Since S has 
index 4 in S(Z), Proposition 2.5 implies that the image of is finite, so that 
kero/^ = Zg. The commutativity of the diagram implies that (3^{ker a^) is 
contained in ker7^). Since ker7*^ is contained in ker{E^ — > V^* 1 }, which is 
isomorphic to Z^, this gives the result. □ 

6.3. The kernel of — > T^' contains Z^. We have the exact sequence 

1 -» X -» -» r[m] W -» S(Z*)M -» 1 

where X := Ki :in . Denote the kernel of the mapping r — > G by G. This is a 
subgroup of T. Observe that T/C is isomorphic to Heis 9 (V,Z) and that r[m]/G is 
isomorphic to G[m]. 

Denote the closure of the image of G in (resp., r[m]( £ ^) by Gt (resp., Gr). 
Since G is normal in T[m], Gr is normal in T[m]^ e \ Right exactness of relative 
pro-^ completion implies that G[m]W S rH (£) /Cr and (T/C)W = T^/Ct- It 
also implies that the sequence 

1 -> K/(K n Gt) -» (T/G) w -» G[m] W -» 5(Z/)[m] -> 1 

is exact. Corollary 6.11 implies that K/(K(~) Gt) — Zg. It follows that if contains 
a copy of Z^. 
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6.4. Genus 2. When g = 2, the homomorphism — > rW[m] has a large kernel. 
For simplicity, we restrict ourselves to the case n = r = 0. Non-injectivity in the 
case r + n > follows by a similar argument. Details are left to the reader. 
Set 

T:=im{Tf^rf[m]}. 

Observe that its abelianization, Hi (T) is a pro-^ group with a continuous Sp 2 (Zg) [to] 
action. 

Mess' computations [31] imply that, as an Sp 2 (Z)-module, 

H t {T 2 ) =Ind^> 2(z)2 Z. 

Here the group C 2 k SL 2 (Z) 2 is the stabilizer in Sp 2 (Z) of the decomposition of the 
integral homology of an abelian surface which is the product of two elliptic curves. 
The cyclic group C 2 interchanges the two factors, and the two copies of SL 2 (Z) act 
on the homology of the two elliptic factors. 

It is easy to produce ^-adic quotients of iii(T 2 ) that cannot be quotients of 
H\{T). For example, choose a prime number p that does not divide ml. Let 

View this as an Sp 2 (Z)[m]-module via the projection Sp 2 (Z)[m] — > Sp 2 (F p ), which 
is surjective as p does not divide to. 

Proposition 6.12. The group M is not a continuous quotient of H\(T). Conse- 
quently, Hi(T^) — > H\{T) is not injective. 

Proof. If there were a quotient mapping ir : H\{T) — > M, it would have to be 
Sp 2 (Z)[m]-equivariant. Since Sp 2 (Z)[p] acts trivially on M, Sp 2 (Z^)[pTO,] would 
have to act trivially on M. But this is impossible as Sp 2 (Z£)[pm] = Sp 2 (Z£)[to] 
and since Sp 2 (Z)[m] — > Sp 2 (F p ) is surjective. □ 

An improvement of the previous result and the following corollary were suggested 
by the referee. 

Corollary 6.13. The kernel of T^ — ► T 2 [m]^' contains a copy ofZ f . □ 

Proof. Set K = ker{T^ -> T}. The previous result implies that the composite 
K — > T — > M is non-trivial. Since M is a free Z^-module, the image of K —> M 
is a non-zero free Z^-module, which implies that K contains at least one copy of 
If. □ 



7. Proof of Theorem 3 

First we prove the case r = 0, from which the case r > follows by a group 
theoretic argument presented at the end of this section. 

Suppose that 2g — 2 + n > 0. Denote the moduli stack of smooth projective 
n-pointed genus g curves by M. g , n /z and its Deligne-Mumford compactification by 
M g , n/ z [28, 29]. 

Several times in this section we need to normalize a scheme in another scheme 
which is not irreducible. Specifically, suppose that Y' — > Y is a finite flat repre- 
sentable 1-morphism of Deligne-Mumford stacks. Suppose that X is an integral 
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scheme and that X' — > Y is a morphism from a nonempty Zariski open subset of 
X to Y. Define the normalization of X with respect to 

x' -> y <- y 

to be the disjoint union of the normalizations of X in the function fields of the 
irreducible components of X' Xy 7'. 

7.1. Tangential base points. The notion of tangential base point was introduced 
by Delignc in [5]. A Q-rational tangential base point of a connected scheme X 
yields an exact functor from the category of finite etale coverings of X to the 
category of finite etale coverings of SpecQ, and hence induces a homomorphism 
7Ti(SpecQ) — > tti(X). Since we deal only with fundamental groups, we identify a 
tangential base point with the corresponding exact functor. 

We consider the Q-rational tangential base points constructed as follows. Let 

C -> SpecZ[[q 1 ,q 2 , . . . ,q 3g - 3+n ]] 

be the universal deformation of a maximally degenerate stable curve of type (g, n) 
over Z, where the parameter corresponds to a smoothing of the i-th double point. 
Such deformations are constructed in [24, Rem. 2.3.10]. 
Let 

[C] : SpecZ[[«7i,g 2 , • • • ,g 3s -3+n]] -» -Mg.n/z 
be the classifying map. The choice of the set of parameters qi determines a Ir- 
rational base point of M. g ^ n n as follows. 9 
For each positive integer m, set 

B = Q[[q lt q 2 , <? 39 - 3+ „]] and B 1 ^ = Q[[ 9l 1/m , q\ /m , . . . , g££V„]]. 
Then [C] induces a map 

[C] ro : SpecB 1 ^ m '[((j'i • • ■ qz g -3 +n )~ l ) — > M gin /q. 

Suppose that M — » Al gj „/Q is a finite etale covering and M m be the normalization 
of £?i/™ w ith respect to 

SpecB^ m [( qi ■ ■ ■ qsg-s+n)- 1 } -> M 9 ,„ /Q ^ M. 

By Abhyankar's Lemma [10, Expose XIII], there is a positive integer m such 
that M m is etale over B x l m . By specializing each q X J m to 0, we obtain a finite etale 
cover of SpecQ. This covering is independent of the choice of m and defines an 
exact functor from the category of finite etale covers of M g , n /Q to the finite etale 
covers of SpecQ. We shall abuse notation and denote this tangential base point of 
M g , n by[C\. 

The tangential base point [C] induces a section of the short exact sequence 
(7) 1^7r 1 (Al 3 ,„®Q)^7r 1 (Al 9 ,„®Q)^GQ^ 1 

and thus a Galois action 

P[c] ■ Gq -» Aut7ri(.Mg, ri <g> Q). 
The choice of an imbedding Q <—* C determines an isomorphism 

MM g , n %Q) = r 9 A , B 



9 If qi is replaced by — qi for example, the exact functor, and hence the base point, changes. 
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of the geometric fundamental group of M g , n with the profinite completion of the 
mapping class group r 9j „. We will make this identification. By Proposition 2.1, 

the relative pro-^ completion of T 1 } n is isomorphic to T^ n . 

Our next task is to lift the base point [C] of Mg y n to a base point [C] of M g , n +i- 
The special fiber Co (qj = 0, all j) of the curve C is a stable curve, each of whose 
components is isomorphic to P 1 ; each P 1 has exactly three distinguished points (i.e., 
singular points or marked points). Denote the n marked points of C by x\, . . . , x n . 
Define C to be the curve obtained by replacing the first node (qi = 0) by a copy 
of P 1 , where 0, oo G P 1 are nodes. Take x n +\ to be the point 1 on the added P 1 . 
Then C is an n + 1 marked stable curve whose moduli point in [C ] in M. gn+ i 
maps to the moduli point [Co] in M. g , n by forgetting (n + l)-st point. 

Extend Cq to an (n + l)-marked curve C over 1\[q\ 1 . . . , g3 g _3+ n +i]] using the 
deformation theory construction in [24]. Label the parameters so that q 3g -3+ n +i 
is the parameter associated to the double point at the oo on the attached P 1 , qi 
the parameter associated to that at on the attached P 1 , and qj is the parameter 
corresponding to the jth node of Co when 1 < j < 3g — 3 + n. 

The curve C corresponds to a morphism [C] : SpecZ[[qi, . . . , 93 S -3+n+i]] — > 
Aig in +i . If we forget the (n + l)st marked point from C, we have a family of semi- 
stable curves. Its stabilization is isomorphic to C x SpecZ[[<7i, . . . , <73 9 -3+n+i]]- 
Thus, the following diagram 

\c'\ 

Spec 1[[q\ q3g-3+n+l}} >■ M g ^+l 



SpecZ[[gi, . . . ,q 3g _ 3+n ]] M g , n . 

commutes, where the left vertical map is obtained by qi i— > gi<Z3 9 -3+n+i and qi qi 
when 1 < i < 3g — 3 + n. 

This and the above construction of the exact functors give a homomorphism 

7ri(M fl , n+ i,[C"])-»7ri(A^ fl , n ,[C]) 

that preserves the section from Gq. On the other hand, the image of [C] is in the 
fiber isomorphic to C, which gives a tangential base point of the smooth fiber locus 
Cz((9i,...,g 3g _ 3+ „))- 10 Let fl be an algebraically closed field that contains B x l m for 
all positive integers m. Then we have a short exact sequence 

(8) 1 -> 7ri(C n , [C]) -» ^{M^+yq, [C]) -» 7n(M WQ , [C]) -» 1. 

The left group is isomorphic to the profinitc completion of n gj „, the fundamental 
group of an n-punctured, genus g reference surface. This short exact sequence gives 
the universal monodromy representation 

(9) 7r 1 (7W S;n/Q ,[C])^OutnW. 

Restricting to the geometric fundamental group gives the geometric monodromy 
representation 

Kn = MM gin/q -, [C])^0utnw. 

Further restricting to the action on the abelianization of tt^(Cq), we obtain a rep- 
resentation — > Sp g (Z(). The GQ-actions (induced from (8) and the tangential 



'For a ring R we denote R[[ti , . . ■ , t r }] [t 1 1 , . . . , t r 1 ] by R((ti , . . . , t r ))- 
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section) on Tg n and Sp ff (Zf) are GQ-equivariant. Thus, the functoriality of relative 
pro-£ completion implies that there is a Galois action 

pg:G Q ^Autrf). 

Theorem 7.1 (Mochizuki-Tamagawa) . For all prime numbers t and all (g,n) sat- 
isfying 2g — 2 + n > 0, the representation is unramified outside I. That is, it 
factors through 7Ti(SpecZ[l/^]): 

G Q -» 7ri(SpecZ[l/<]) -» AutrW . 

The case g = is proved by Ihara [23]. 

7.2. Etale coverings of moduli spaces. Suppose that A is a ring contained in 
an algebraically closed field £1 of characteristic 0, and hence that A is an integral 
domain. We have 1^ = 7Ti(M 9j „/q) — > 7ri(.M Sirt /A)- We say that a finite etale 
covering M — > M g . n /A is geometrically relative-£, if the corresponding T^ n -action 

on fibers factors through r^n- This is independent of the choice of A — > O. The 
category of such coverings is a Galois category. By restricting to the geometrically 
relative-^ coverings, we obtain the quotient 

(10) l->rW ->7ri(^t fl , n ®Q)'-»GQ->l. 

of (7). 

The existence of suitable finite coverings of M. g , n that have a compactification 
that is smooth over Z[l/£] was established by de Jong and Pikaart when n = 
for all £ in [27], when n > and £ is odd by Boggi and Pikaart in [4], and when 
n > and £ = 2 by Pikaart in [35]. Their results needed here arc summarized in 
the following statement. 

Proposition 7.2. For all prime numbers £ and all (g, n) satisfying 2g — 2 + n>0, 
there is a geometrically relative-£ Galois covering M — > M. g , n defined over Z[l/£] 
that satisfies: 

(0) M is an integral scheme; 

(1) the normalization M of A4 9in in the function field of M is proper and 
smooth over Z[l/£]; 

(2) the boundary M\M is a relative normal crossing divisor over Z[l/£]; 

(3) the ramification index of the covering M — ► M- g , n along any irreducible 
component of the boundary is a power of £; 

(4) the natural map T g e } n — > Sp ff (Z/£) factors through the quotient ofT g % cor- 
responding to the Galois covering M ® Q — > M g ^ n ® <Q> for odd £; for 1 = 2, 
the same statement with Sp 9 (Z/4). 

We shall explain how this statement follows from their results. For G a fi- 
nite quotient of H g , n by a characteristic subgroup, Deligne and Mumford [8] intro- 
duced the moduli stack oMg,n over Z[1/|G|] of smooth projective curves of type 
(g,ri) with a Teichmiiller structure of level G. It is the normalization over Z[1/|G|] 
of the finite Galois covering G-M g , n /Q ~ * -M.g,n/Q corresponding to the kernel of 
TTi(M g _ n /q) — > OutG. The construction over SpecZ[l/|G|] works equally well 
when G is a quotient of H g , n by a finite index subgroup stabilized by Tfi{M. g>n iQ). 

Proposition 7.2 is proved by considering M = G-M g , n /z[i/e] f° r a suitable choice 
of G. Specifically take G to be: 
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(1) the quotient group of II 9! o by the normal subgroup generated by the fourth 
term of its lower central subgroup and all £th powers when I is odd and 
n = 0; 

(2) the quotient group of II g! o by the normal subgroup generated by the fourth 
term of its lower central subgroup and all fourth powers when t = 2 and 
n = 0; 

(3) the quotient n Sj „/W /3 n gi „, where W 3 denotes the third term of the weight 
filtration defined in [4]), by all £th powers when I is odd and n > 0; 

(4) the quotient n Sj „/VF 4 LI 9j „, where W 4 denotes the fourth term of the weight 
filtration defined in [4]), by all fourth powers when I = 2 and n > 0. 

For details, see de Jong and Pikaart [27, Thm 3.1.1 (iii) and Prop 2.3.6] for the 
first two cases, Boggi and Pikaart [4, Prop. 2.6(ii) and Prop 2.8] in the third case, 
and Pikaart [35, Thm 3.3.1 (2) and Thm 3.3.3 (7)] in the fourth case. The extra 
condition for the case t — 2 in (4) in Proposition 7.2 is to assure that M is a scheme, 
not just a stack. 

Let p ^ I be a prime number. For a subring A of the field Q, M g>n /A denotes 
the base change to A. Denote by 1™ the maximal etale cover of Z p , and by 
its fraction field. There is a natural morphism 

Denote the Galois categories of geometrically relative-^ coverings of Ai g . n /A by 
C{Mg :n /A)- Note that the fundamental group of C(M g n /q ) is isomorphic to T^. 

Proposition 7.3. The above f induces an equivalence of categories 

r:C{M g ^)^C{M g ^ n/% ). 

Proof. Take a geometrically relative ^-covering M as in Proposition 7.2. Choose a 
connected component of M ® Z". It is a connected object of C(Al g! „/zur), which 
we denote by Mj^. Since M — ► Ai gyn [l/£] is etale and p ^ /, the base change 
Mq of M^ur is a connected object of C(M gn ^ ). Since the boundary of M is 
a relatively normal crossing divisor over Z[l/£], so is the boundary of the Zariski 
closure of in Mzut over Z". The Base Change Theorem [10, Expose XII] 

implies that / induces an equivalence between the Galois categories of the finite 
etale ^-coverings of and Mq . Since M is a geometrically relative-^ Galois 

cover of M g , n defined over Z[l/£] that satisfies condition (4) of Proposition 7.2, the 
category C{Ma) of ^-coverings of Ma is the subcategory of C(ftA g ^ n /A) consisting 
of all the objects (and the morphisms) over Ma {A — Q p or Z"). 

Choose a geometric point of Mq . Let be its image in Mzur. Let x' A 

denote their image in M g _ n /A, for A = Q p or Z". Then -k\{C(Ma), xa) is a finite 
index subgroup of 7Ti {C{M. g>n /A)i x 'a)i an d the quotient set is identified with the 
fiber F(x' A ) of Ma over x' A pointed at xa- The cardinality of F(x' A ) is the covering 
degree of Ma — » M g . n /A, hence is the same for A = Q p and I™ . We have the 
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following commutative diagram 



7Ti (C (M Z u r ) , a; Z ur )c ^ m (C (M g , n/Z ur ) , x' ) 



F(x' 



where, in each row, the right-hand set is the quotient of the middle group by the 
left-hand group. The left-hand vertical arrow has been proved to be an isomor- 
phism. Since the right-hand mapping is bijcctive, the middle vertical arrow is an 
isomorphism. The result follows. □ 

7.3. Proof of Theorem 7.1. It suffices to show that for every p ^ £, the inertia 
group 7Ti((Qp r ) at p acts trivially on the relative pro-£ completion of the mapping 
class group. 

We use the notation of Section 7.1. Take M over Z[l/£] as in Proposition 7.2 
and M^ur as in the proof of Proposition 7.3. A tangential base point of M over 
[C] induces an exact functor from C(Mz^) to the category C(Zp r ) of finite etale 
coverings of Z" as follows. 

Let M be the normalization of SpecZp r [[qi, . . . , 93^-3+™]] with respect to 

SpecZ^ r [[gi, . . ■ , q3g-3+n}][(qi • . . g3g-3+n) _1 ] ~» M g>n /inr <- M Z u r . 

The second and third assertions of Proposition 7.2 concerning ramification imply 
that there are £-power integers fci, . . . , k 3g ^ 3+n (possibly 1) such that 

M-SpecZ-fe^S...,^^"]]. 

This gives a Zp r -rational tangential base point on Mzur. Abhyankar's Lemma [10, 
Expose XIII] implies that, for each finite etale ^-covering N of M^ur, there is an 
£-power integer j such that 

A^SpccZ; r [[ gi 1/jfel 



is a finite etale morphism, where N is the normalization of 

SpecZjnfe^ 1 , 

with respect to 



' l3g-3+n 



SpecZJHfei 



i/ifci 



4 / - fe 3 3 rn +n ]][(9l---93 S -3 + „)- 1 ] 



N 



By specializing the q { * to zero, we obtain a finite etale covering of TL™ . This 
gives an exact functor C(M%^) — * Ci^L™). The geometric point £ : SpecQ p — > 
SpecZ" gives a fiber functor of C(Zp r ), whose composition with the above func- 
tor is the fiber functor F^ of C(Mz^) associated to q\^ kl , • ■ • , 3 3 9 +^ + " ■ Composing 
with the functor C(A4 S;n / Z ur) — » C(M Z ur) gives a fiber functor Fg of C(M gin /z^)- 

C(M g , n/zr ) C(Mz«) C(Z-) 



Sets 
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Note that the fiber functor [C]*(£) equals F^'. Define [G]zur to be the composite 
This and the similar construction over gives a commutative diagram 



7n(Q-, Ft) MC{M g , n/< ^),F^) 



7n(Z-, F S ) iflX 7Tl(C(A^ Si „/ Z ur), if). 

where the top right-hand arrow is the inclusion of a normal subgroup. The top right- 
hand group is isomorphic to T g e ) n . It is a normal subgroup of 7Ti(C(A4 Si „/Qur), F^'). 
Proposition 7.3 implies that the composite of the two right-hand vertical maps is 
an isomorphism. The action of the inertia 7ri(Qp r ) at p on Tg% is conjugation by an 
element of 7Ti(C(.A4 Si „/Qur), F£). The commutativity of the diagram implies that 
the inertia action factors through -K\(7L™ , F%), which is trivial. Theorem 7.1 follows. 

Denote the kernel of Gq — > 7Ti(Z[l/^]) by Ji. Define T g "n h '^ to be the quotient 
of 7t 1 (A^ 9j „/q, [C]) by the normal subgroup generated by [G]*(J^) and the kernel of 

Tg.n — * Lg/n- Taking the quotient of the middle and the right-hand groups in the 
short exact sequence (10), we obtain the following result. 

Corollary 7.4. For all prime numbers I and all (g, n) satisfying 2g — 2 + n > 0, 
there is a split exact sequence 

i-rw ^r-f'W-Trrtzii/^-i. 

Proof. Consider the section of the short exact sequence (10) given by the tangential 
base point [C]. Theorem 7.1 implies that the image of the kernel of Gq — > 7Ti(Z[l/£]) 
under the section induced by [G] centralizes T g ^ n , hence is a normal subgroup of the 
middle group. We can divide the middle and the right-hand groups by this kernel 
to obtain the short exact sequence. The splitting is induced by [G]. □ 

The following corollary was suggested by the referee. 

Corollary 7.5. The group r"^ h '^ is canonically isomorphic to the fundamental 
group of the Galois category C{M g ^ n /z[i/t}) with respect to the tangential base point 
[G]. In particular, although the definition ofT g "n h '^ depends on the choice of [C], 
two different choices yield two isomorphic groups. The isomorphism is canonical 
up to an inner automorphism. 

Proof. Denote the kernel of Gq — > 7Ti(Z[l/£]) by Ji. By the definition of r"n h '^ 
given above, we have an identification 

r^ th,w = 7r 1 {c(M g , n/Q ))/([cuj e )). 

On the other hand, by the "purity of the branched locus" , we have 
Ki(C(M g , n/m/e] )) = 7ri(C(M fl , n/Q ))/<T p |p + £), 
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where T p denotes the inertia subgroup of Tfi{C(Aig in /q)) along the divisor M. g , n /¥ 
of -M-g^n/ni/eh an( i (T p \p 7^ £) denotes the normal subgroup topologically generated 
by the union of the T p for all primes p^f. The result will follow from the statement 
that these two quotients are identical as it implies that Tg"^ 1 '^ is canonically 
isomorphic to the fundamental group of the Galois category C(A4 g , n /z[i/t]) with 
fiber functor [C], and another choice of [C] yields an isomorphic fundamental group, 
with isomorphism determined up to an inner automorphism. The rest of the proof 
consists in proving this equality. 

When a covering in C(M g n ^[i/e]) is pulled back along the tangential section 
[C] over Z[l/£], it gives a finite etale covering of Z[l/£]. This implies that [C]*(J^) 
acts trivially on the corresponding fiber, and hence that [C]*(J^) C (T p \p ^ £)■ To 
establish the reverse inclusion, it suffices to show that the image of T p in Tg" th '^ 
is trivial. Consider the exact sequence 

1 - (f p ) - 7n(C(M flin/Q «0) - ^(CiMg^ur)) - l, 

where T p is the inertia subgroup of m(C(A4g tn /qur)) , and (T p ) is the normal sub- 
group topologically generated by T p . The construction in Corollary 7.4, when Z[l /£] 
is replaced with Z", gives a short exact sequence 

1 T g % *i(C{M g , n/Q ?))/[C].{ir 1 {Q?)) - Tn(Z-) - 1. 

Since 7Ti(Zp r ) is trivial, the left group is isomorphic to the middle group. Consider 
the commutative diagram 



■7ri(C(M flin/Q u I ))/[C].(7ri(Q-)) 



7T1 



(C(Mg, n/q ))/[C]4Jt): 



-,arith,(^) 



Since the left-hand vertical map is surjective, the triviality of the bottom horizontal 
map will follow from the triviality of the upper horizontal map. Since 



7Tl( 



[C], 

7ri(C(X Si „ /Q u r )) 



■TTl(Z^) 

[C]» 

■*"i(C(.M fl , n /z«0) 



commutes and the top right group is trivial, the bottom horizontal map factors 
through a homomorphism 



which is an isomorphism because the both groups are isomorphic to T g / n by the 
above argument and Proposition 7.3. Since the image of T p is trivial in the right- 
hand group, it is also trivial in the left-group. This establishes the isomorphism 



of r 



•ith,(<) 



3," 



with the fundamental group of the Galois category C(M 



with it, the result. 



9,™/ 



]) and 
□ 
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Theorem 7.6. For all prime numbers £ and all (g,n) satisfying 2g — 2 + n > 0, 
the universal monodromy representation (9) 

MM gin/Q ,[C}) - 0ut^ £) (C o ) 

factors through T g "n h '^ . 

Proof. Since the universal monodromy representation is the outer representation 
associated to the extension (8), it suffices to show that 

l-7r 1 (C n )W^OW-»r^.M-»l 
is exact. This is equivalent to the exactness of 

which was proved in Proposition 3.1(2). □ 

Remark 7.7. The proof of Theorem 7.1 was communicated to us by Tamagawa. 
Mochizuki gave a more sophisticated proof, sketched below, which uses log geometry 
and avoids the constructions of Boggi, de Jong, and Pikaart in Proposition 7.2. 

In the above proof, the problem of proving the result is reduced to studying 
the ^-coverings of M in Proposition 7.2, where M C M is the complement of 
a normal crossing divisor. This allows the use of [10, Expose XII]. Mochizuki, 
on the other hand, takes N — > A4 g , n /z.[i/e] to be the covering corresponding to 
7r i(- y ^g.n/z[i/£]) — *• GSp g (Z/£). He equips M g , n with the standard log structure. 
The normalization N of M g ^ n /z[i/e] is then log-regular since the ramification is 
tame. Mochizuki uses the log-purity theorem of Kato and Fujiwara (unpublished; 
see [33] for a proof) in place of [10, Expose XII] to complete the proof. 

7.4. The case r > 0. Theorem 7.1 establishes Theorem 3 in the case r = 0. The 
case r > reduces to the case r = 0. 

We first discuss the Deligne-Mumford compactification of M. g , n ^. Suppose that 
2g — 2 + n + r > 0. Define a stable curve of type (g, n, r) to be a stable curve 
of type (g, n + r) together with the choice of a non-zero tangent vector at each of 
the last r points. The moduli space of stable curves of type (g,n,r) is a (<G m ) r - 
bundle over Ai 9t n+r, which is not complete if r > 0. Denote the line bundle 
associated to the jth factor of this (G m ) r bundle by Lj. Its fiber over the stable 
curve [C,xi, . . . ,x n ,yi, . . . ,y r ] is T Vj C, the tangent space of C at yj. The jth factor 
of the (<G m ) r bundle over Mg,n+r has fiber T Vj C~ {0} over [C, x\, . . . , x n , y\, . . . , y r ] 
and is therefore defined over SpecZ. We compactify the jth factor of the (G m ) r 
bundle in the usual way; namely: 

Define A4 g . n ,f to be the fibered product over A4 g , n + r of the bundles F(Lj ® 
®M „ +r ) - ^ ms ^ s defined over SpecZ as each of its factors is. 

The construction of the deformation of maximally degenerate curves over Z, and 
the construction of Q-rational tangential base points are all similar to constructions 
in the case r = explained above. We start with a maximally degenerate stable 
curve of type (g, n + r) and then construct the universal deformation over Z, 

[C] : SpecZ[[gi, q 2 , . . . , q3g-3+n+r}} -> M gin+r/z . 



34 



RICHARD HAIN AND MAKOTO MATSUMOTO 



The fiber product SpecZ[[gi, q 2 , . . . , g 3ff -3+n+r]] Xj4 g n+r/z M. g , n ,r is (P 1 ) r -bundle 
over SpecZ[[<7i, q 2 , . . . , q3 g -3+ n +r}]- Take q[, . . . , q' r to be the standard coordinate 
of each copy of P 1 so that q[ = gives the zero of the i-th copy of P 1 D G m . Now 

[C] : SpecZ[[gi, q 2 , q 3 g-3 +n +r, q[, ■ ■ ■ , q' r ]] -» ^ fl ,n,f/z 

gives a tangential base point compatible with [C]. In the following, we use the 
Galois action given by these tangential base points. 

Suppose that r > 0. We have to establish the triviality of the action on T^ n ? 
of the inertia subgroup I p of Gq at p. By Proposition 3.3, the sequence 

is exact. Fix a <G 7 p and take g € Then, since I p acts trivially on T^ n+r 

(this is the case r = 0), we can define a function 

by ip : ht-^ <t(/i)/i _1 . Since Z£(l) r is central in ? , ip is a group homomorphism. 
Since I p acts trivially on Z<(l) r , p induces a homomorphism 

Jp:T^ +r ^Miy. 

Since r ff n+r is finitely generated, ff 1 (r 9j „ +r ,Z) is a finitely generated torsion free 
abelian group. Since _ff 1 (r g! „ +r , Q) vanishes for all g > l, 11 iJ 1 (r g! „ +r , Z) vanishes 
whenever 5 > 1. This implies that ^ is trivial whenever g > 1 as r S! „ +r is dense 
in T y g ' n+r . It follows that I p acts trivially on T^ ^ When g = 0, relative pro-i? 
completion coincides with pro-^ completion, so that we can appeal to [10, Expose 
XII]. 

References 

[1] M. Anderson: Exactness properties of profinite completion functors, Topology 13 (1974), 
229-239. 

[2] H. Bass, J. Milnor, J. -P. Serre: Solution of the congruence subgroup problem for SL n , (n>3) 
and Sp 2n , (n>2), Inst. Hautcs Etudes Sci. Publ. Math. No. 33 (1967), 59-137. 

[3] A. Bcilinson, A. Levin: The elliptic polylogarithm, in Motives (Seattle, WA, 1991), 123-190, 
Proc. Sympos. Pure Math., 55, Part 2, Amer. Math. Soc, 1994. 

[4] M. Boggi, M. Pikaart: Galois covers of moduli of curves, Compositio Math. 120 (2000), 
171-191. 

[5] P. Dclignc: Le groupe fondamental de la droite projective moins trois points, in Galois groups 
over Q (Berkeley, CA, 1987), 79-297, Math. Sci. Res. Inst. Publ., 16, Springer, New York- 
Berlin, 1989. 

[6] P. Dclignc: Extensions centrales non residuellement finies de groupes arithmetiques, C. R. 

Acad. Sci. Paris Ser. A-B 287 (1978), A203-A208. 
[7] P. Deligne, J. Milne: Tannakian categories, in Hodge Cycles, Motives, and Shimura Varieties, 

(P. Deligne, J. Milne, A. Ogus, K.-Y. Shih editors), Lecture Notes in Mathematics 900, 

Springer- Verlag, 1982. 

[8] P. Deligne, D. Mumford: The irreducibility of the space of curves of given genus, Inst. Hautcs 
Etudes Sci. Publ. Math. No. 36 (1969), 75-109. 



This follows from Harer's work [22]. He proved that Hi(F g ) vanishes when g > 3 and is 
cyclic of order 10 when g = 2. It is classical that Hi(Ti y i) = Z/12. The result when n + r > 
follows by induction and a standard and straightforward spectral sequence argument. It is also 
proved in [13, Prop. 5.1] for g > 3 by different means. 



RELATIVE PRO-£ COMPLETIONS OF MAPPING CLASS GROUPS 



35 



[9] J. Dieudonne: Sur les groupes classiques, Publ. Inst. Math. Univ. Strasbourg (N.S.) no. 1 

(1945), Hermann ct Cie., Paris, 1948. 
[10] A. Grothendieck: Revetement Etales et Groupe Fondamental (SGA 1), Lecture Notes in 

Math. 224, Springer- Verlag, 1971. 
[11] R. Hain: Completions of mapping class groups and the cycle C — C~, Contemp. Math., 150, 

Amcr. Math. Soc, 1993, 75-105. 
[12] R. Hain: Infinitesimal presentations of Torelli groups, J. Amer. Math. Soc. 10 (1997), 597- 

651. 

[13] R. Hain: Torelli groups and Geometry of Moduli Spaces of Curves, in Current Topics in 

Complex Algebraic Geometry (C. H. Clemens and J. Kollar, eds.), MSRI publications no. 28, 

Cambridge University Press, 1995, 97—143. 
[14] R. Hain: Finiteness and Torelli spaces, in Problems on mapping class groups and related 

topics, Proc. Sympos. Pure Math., 74, Amer. Math. Soc, 2006, 57-70. 
[15] R. Hain: Relative Weight Filtrations on Completions of Mapping Class Groups, in Groups 

of Diffcomorphisms, Advanced Studies in Pure Mathematics, vol. 52 (2008), 309-368. 
[16] R. Hain, M. Matsumoto: Weighted completion of Galois groups and Galois actions on the 

fundamental group ofV 1 - {0, l,oo}, Compositio Math. 139 (2003), 119-167. 
[17] R. Hain, M. Matsumoto: Tannakian fundamental groups associated to Galois groups, in 

Galois groups and fundamental groups, 183-216, Math. Sci. Res. Inst. Publ., 41, Cambridge 

Univ. Press, Cambridge, 2003. 
[18] R. Hain, M. Matsumoto: Weighted completion of arithmetic mapping class groups, preprint, 

2007. 

[19] R. Hain, D. Reed: Geometric proofs of some results of Morita, J. Algebraic Gcom. 10 (2001), 

199- 217. 

[20] R. Hain, D. Reed: On the Arakelov Geometry of Moduli Spaces of Curves, J. Differential 

Geom., 67 (2004), 195-228. 
[21] R. Hain, S. Zucker: Unipotent variations of mixed Hodge structure, Invent. Math. 88 (1987), 

83-124. 

[22] J. Harer: The second homology group of the mapping class group of an orientable surface, 

Invent. Math. 72 (1983), 221-239. 
[23] Y. Ihara: Automorphisms of pure sphere braid groups and Galois representations, in The 

Grothendieck Festschrift II, Birkhauscr 1991, 353-373. 
[24] Y. Ihara, H. Nakamura: On deformation of maximally degenerate stable marked curves and 

Oda's problem, J. Reine Angew. Math. 487 (1997), 125-151. 
[25] D. Johnson: The structure of the Torelli group, I: A finite set of generators for T, Ann. of 

Math. (2) 118 (1983), 423-442. 
[26] D. Johnson: The structure of the Torelli group, III: The abelianization of T, Topology 24 

(1985), 127-144. 

[27] A. J. de Jong, M. Pikaart: Moduli of curves with non-abelian level structure, in The moduli 
space of curves (Texel Island, 1994), 483-509, Progr. Math., 129, Birkhauser, 1995. 

[28] F. Knudsen: The projectivity of the moduli space of stable curves, II. The stacks M 9jn , Math. 
Scand. 52 (1983), 161-199. 

[29] F. Knudsen: The projectivity of the moduli space of stable curves, III. The line bundles on 
Mg, n , and a proof of the projectivity of M 9i „ in characteristic 0, Math. Scand. 52 (1983), 

200- 212. 

[30] J. Labute: On the descending central series of groups with a single defining relation, J. 

Algebra 14 (1970), 16-23. 
[31] G. Mess: The Torelli groups for genus 2 and 3 surfaces, Topology 31 (1992), 775-790. 
[32] S. Morita: A linear representation of the mapping class group of orientable surfaces and 

characteristic classes of surface bundles, in the Proceedings of the 37th Taniguchi Symposium 

on Topology and Teichmiillcr Spaces, July 1995, S. Kojima et al editors, World Scientific 

(1996), 159-186. 

[33] S. Mochizuki: Extending families of curves over log regular schemes, J. Reine Angew. Math. 
511 (1999), 43-71. 

[34] D. Passman: The algebraic structure of group rings, Pure and Applied Mathematics. Wiley- 
Interscience, 1977. 

[35] M. Pikaart: Moduli spaces of curves: stable cohomology and Galois covers, Thesis, University 
of Utrecht, 1997. 



36 



RICHARD HAIN AND MAKOTO MATSUMOTO 



[36] D. Quillen: Rational homotopy theory, Ann. Math. 90 (1969), 205-295. 
[37] M. S. Raghunathan: Cohomology of arithmetic subgroups of algebraic groups, I & II, Ann. 
of Math. (2) 86 (1967), 409-424; ibid. (2) 87 (1967), 279-304. 

Department of Mathematics, Duke University, Durham, NC 27708-0320 
E-mail address: haln<Smath.duke.edu 

Department of Mathematics, Graduate School of Science, Hiroshima University, 739- 
8526 Japan 

E-mail address: m-matamath. sci .hiroshima-u. ac . jp 



